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The 64-dimensional extended real Clifford – Dirac (ERCD) algebra is introduced. On this basis
the new pure matrix symmetries of the Dirac equation in Foldy –Wouthuysen representation are
found: (i) the 32-dimensional A32 = SO(6)⊕εˆ·SO(6)⊕εˆ algebra, which is proved to be maximal
pure matrix symmetry of this equation, (ii) two different realizations of the (1/2, 0)⊕ (0, 1/2)
representation of the S(1,3) algebra, (iii) reducible tensor-scalar (1, 0) ⊕ (0, 0) and irreducible
vector (1/2,1/2) bosonic S(1,3)-symmetries. Finally, spin 1 Poincare symmetries both for the
Foldy – Wouthuysen and standard Dirac equations with nonzero mass are found.
1 Introduction
An interest in the problem of the relationship between the Dirac and Maxwell equations emerged
immediately after the creation of quantum mechanics [1-11]. One of our own results in this
field is the proof of bosonic (spin 1) Poincare symmetry of the massless Dirac equation [12-15]
and the relationship between the Dirac (m=0) and slightly generalized Maxwell equations in
the field strengths terms [12-16]. We found the irreducible vector (1/2,1/2) and the reducible
tensor-scalar (1, 0)⊗(0, 0) representations of the Lorentz group L and corresponding (generated
by these representations) representations of the Poincare group P, with respect to which the
massless Dirac equation is invariant (P is the universal covering of the proper ortochronous
Poincare group P↑+ = T(4)×)L↑+, L – of the Lorentz group L↑+, respectively). Now we are able
to present below the similar results for the general case, when the mass in the Dirac equation
is nonzero.
In order to derive this assertion we essentially use two new constructive ideas. (i) We start
here from the Foldy – Wouthuysen (FW) equation (i. e., from the Dirac equation in the FW
representation [17])
(iγµ∂µ −m)ψ (x) = 0 V↔
V −1
(i∂0 − γ0ωˆ)φ(x) = 0, ψ, φ ∈ S3,4, (1)
V =
−→γ · −→p + ωˆ +m√
2ωˆ(ωˆ +m)
, V −1 = V (−→p → −−→p ), ωˆ ≡
√
−∆+m2, S3,4 ≡ S(R3)×C4, R3 ⊂ M(1, 3),
(2)
where (S(R3) is the Schwartz test function space, M(1,3) is the Minkowski space. (ii) We
introduce here into consideration the 64-dimensional extended real Clifford – Dirac algebra
(ERCD). We essentially apply it here as a constructive mathematics for our purposes.
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Explanation of (ii) needs more details. For the physical purposes, when the parameters
of the relativistic groups are real, it is enough to consider the standard Clifford - Dirac (CD)
algebra as a real one (corresponding generators associated with real parameters are identified
as primary). Thus, starting from the standard (Pauli - Dirac) representation of the γ-matrices
we are able to extend the complex 16-dimensional CD algebra to the 64-dimensional ERCD
algebra.
2 Description of the Extended real Clifford - Dirac al-
gebra
For the definiteness it is useful to choose 16 independent (ind) generators of standard CD
algebra as
{indCD} ≡
{
I, sµˆνˆ , µˆνˆ = 0, 5
}
=
{
sµˇνˇ ≡ 1
4
[γµˇ, γνˇ ] , µˇνˇ = 0, 4, sµˇ5 = −s5µˇ = 1
2
γµˇ
}
, (3)
where γ4 ≡ iγstand5 = γ0γ1γ2γ3 and the matrices sµˆνˆ are the primary generators of the SO(1,5)
group and satisfy the following commutation relations
[sµˆνˆ , sρˆσˆ] = −gµˆρˆsνˆσˆ − gρˆνˆsσˆµˆ − gνˆσˆsµˆρˆ − gσˆµˆsρˆνˆ , {gµν} = diag(+1,−1,−1,−1). (4)
On this basis ERCD is constructed as
{ERCD} =
{
indCD, i · indCD, Cˆ · indCD, iCˆ · indCD
}
, (5)
where Cˆ is the operator of complex conjugation in {φ} ∈ S3,4, the operator i is the ordinary
complex unit. Thus, the ERCD algebra is the composition of standard CD algebra (3) and
algebra of Pauli – Gursey – Ibragimov [18, 19]], i. e. it is the maximal set of independent
matrices, which may be constructed from the elements i, Cˆ and (3).
All the physically meaningful symmetries of the FW and Dirac equations, which are put
into consideration below, are constructed using the elements of ERCD algebra.
3 Maximal pure matrix algebra of invariance of the FW
equation
The 32-dimensional subalgebra A32 = SO(6)⊕ εˆ · SO(6)⊕ εˆ of ERCD algebra (εˆ = iγ0), which
SO(6) generators have the form
sAB =
1
4
[γA, γB] = −sBA, A, B = 1, 6, γ5 ≡ γ1γ3Cˆ, γ6 ≡ iγ1γ3Cˆ (6)
(our γ5 6= γstand5 ) and together with εˆ = iγ0 satisfy the commutation relations
[sAB, sCD] = δACsBD + δCBsDA + δBDsAC + δDAsCB, [sAB, εˆ] = 0; A,B,C,D = 1, 6, (7)
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of SO(6)⊕ εˆ-algebra, is the maximal pure matrix algebra of invariance of the FW-equation from
(1) (the commutation relations for the εˆ · SO(6) generators s˜AB = εˆsAB differ from (7) by the
general multiplier εˆ = iγ0 = −γ1γ2 ···γ6, which is the Casimir operator of the whole A32 algebra.
The proof of this assertion is fulfilled by straightforward calculations of the corresponding
commutation relations of this algebra and the commutators between the elements of A32 and
the operator (i∂0 − γ0ωˆ)of the FW-equation taken from (1). The maximality of A32 is the
consequence of the ERCD algebra maximality.
4 Spin 1 Lorentz-symmetries of the FW equation
The FW-equation from (1) is invariant with respect to the two different spin 1 representations
of the Lorentz group L (below sVµν are the generators of the irreducible vector (1/2,1/2) and sTSµν
are the generators of the reducible tensor-scalar (1, 0) ⊕ (0, 0) representations of the SO(1,3)
algebra). The explicit forms of corresponding pure matrix operators are following
sTSµν = {sTS0k = sI0k + sII0k, sTSmn = sImn + sIImn}, sVµν = {sV0k = −sI0k + sII0k, sVmn = sTSmn}, (8)
i.e. they are constructed as a fixed sum of two different subsets
sIµν = {sI0k =
i
2
γkγ4, s
I
mk =
1
4
[γm, γk]}, γ4 ≡ γ0γ1γ2γ3, (k,m = 1, 3), (9)
sIIµν = {sII01 =
i
2
γ2Cˆ, s
II
02 = −
1
2
γ2Cˆ, s
II
03 = −
1
2
γ0, s
II
12 =
i
2
, sII31 =
i
2
γ0γ2Cˆ, s
II
23 =
1
2
γ0γ2Cˆ},
(10)
of the (1/2, 0) ⊕ (0, 1/2) generators of the L group (two different realizations (9), (10) of
the (1/2, 0) ⊕ (0, 1/2) representation of SO(1,3) algebra are the subalgebras of the A32 =
SO(6) ⊕ εˆ · SO(6) ⊕ εˆ algebra). The validity of this assertion is evident after the transition
sBoseµν = Ws
V,TS
µν W
−1 in Bose-representation of the γ-matrices, where the operator W has the
form
W =
1√
2
∣∣∣∣∣∣∣∣∣∣
0 −1 0 Cˆ
0 i 0 iCˆ
−1 0 Cˆ 0
−1 0 −Cˆ 0
∣∣∣∣∣∣∣∣∣∣
, W−1 =
1√
2
∣∣∣∣∣∣∣∣∣∣
0 0 −1 −1
−1 −i 0 0
0 0 Cˆ −Cˆ
Cˆ iCˆ 0 0
∣∣∣∣∣∣∣∣∣∣
, WW−1 = W−1W = 1.
(11)
We call this transition a new natural form of the supersymmetry transformation of the
FW-equation.
5 Spin 1 Poincare-symmetries of the FW equation
The FW-equation from (1) is invariant with respect to the canonical-type spin 1 representation
of the Poincare group P ⊃ L, i.e. with respect to the unitary, in the rigged Hilbert space
S3,4 ⊂ L2(R3)× C4 ⊂ S3,4∗ (12)
3
P representation, which is determined by the primary generators
p0 = −iγ0ωˆ, pn = ∂n, jln = xl∂n−xn∂l+sIln+sIIln , j0k = x0∂k+iγ0{xkωˆ+
∂k
2ωˆ
+
[(−→s I +−→s II)×−→∂ ]k
ωˆ +m
},
(13)
where ωˆ is given in (2), sIln and s
II
ln are given in (9), (10), respectively, and ~s
I,II = (s23, s31, s12)
I,II .
The proof is fulfilled by the straightforward calculations of (i) corresponding P-commutators
between the generators, (ii) commutators between generators and operator (i∂0−γ0ωˆ), (iii) the
Casimir operators of the Poincare group.
6 Spin 1 symmetries of the Dirac equation with nonzero
mass
It is easy to see that the Dirac equation from (1) has all above mentioned spin 1 symmetries
of the FW-equation. The corresponding explicit forms of the generators QD in the manifold
{ψ} ∈ S3,4 are obtained from the corresponding formulae (6), (8) – (10), (12) for the FW-
generators qFW with the help of the FW-operator V (2): QD = V −1qFWV . As a meaningful
example we present here the explicit form for the spin 1 P-symmetries of the Dirac equation
pˆ0 = −iγ0(~γ~p+m) = −iHD, pk = ∂k, jkl = xk∂l−xl∂k+skl+sˆkl, j0k = x0∂k−ixkpˆ0+s0k+ sˆ0l∂nεkln
ωˆ +m
,
(14)
where εkln is the Levi-Chivitta tensor, and operators sµν , sˆµν = V
−1sIIµνV have the form
sµν =
1
4
[γµ, γν] ,
sˆµν = {sˆ01 = 1
2
iγ2Cˆ, sˆ02 = −1
2
γ2Cˆ, sˆ03 = −γ0
−→γ · −→p +m
2ωˆ
= −HD
2ωˆ
, (15)
sˆ12 =
i
2
, sˆ31 =
iHD
2ωˆ
γ2Cˆ, sˆ23 =
HD
2ωˆ
γ2Cˆ}
(a part of spin operators from (14) is not pure matrix because it depends on the pseudodiffer-
encial operator (ωˆ ≡ √−∆+m2)−1 well-defined in the space S3,4. The Dirac equation in the
Bose-representation has the form of corresponding generalized Maxwell equations in the terms
of field strengths.
7 Brief conclusions
Let us note that the generators (12) without the additional terms sIIln (10) and ~s
II = (s23, s31, s12)
II
directly coincide with the well-known [17] generators of standard Fermi (spin 1/2) P-symmetries
of the FW-equation (similar situation takes place for the generators (13) taken without terms
including operators sˆµν from (15)). These well-known forms determine the Fermi-case while the
operators, which are suggested here, are associated with the Bose interpretation of equations
(1), which is found here also to be possible. The only difference of our Fermi-case from the spin
4
1/2 generators in [17] is that we use the prime form of generators, which is associated with the
real parameters of the Poincare group.
The assertion (proved here) that the Dirac equation with nonzero mass is invariant with
respect to both spin 1/2 and spin 1 Poincare symmetries, means that this equation has the
property of the Fermi – Bose duality. Thus, we suggest here a natural approach to the super-
symmetry of the Dirac equation.
The possibilities of the ERCD algebra application are much more extended than a few
examples with Dirac and FW equations considered above. In general ERCD algebra may be
applied to each problem in which the standard CD algebra may be used.
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